Using dimensional analysis and finite element calculation, we studied spherical indentation in elastic-plastic solids with work hardening. We report two previously unknown relationships between hardness, reduced modulus, indentation depth, indenter radius, and work of indentation. These relationships, together with the relationship between initial unloading stiffness and reduced modulus, provide an energy-based method for determining contact area, reduced modulus, and hardness of materials from instrumented spherical indentation measurements. This method also provides a means for calibrating the effective radius of imperfectly shaped spherical indenters. Finally, the method is applied to the analysis of instrumented spherical indentation experiments on copper, aluminum, tungsten, and fused silica.
I. INTRODUCTION
Since the inception by Brinell about 100 years ago, spherical indentation techniques have become industry standard methods for measuring the hardness of materials. [1] [2] [3] [4] Recent years have seen increasing interest in instrumented spherical indentation techniques for measuring the mechanical properties of materials across multiple length scales. By analyzing the load-displacement curves, several authors have suggested methods of obtaining hardness, elastic modulus, stress-strain relationships, and residual stresses from instrumented spherical indentation measurements. [5] [6] [7] [8] [9] [10] [11] [12] However, most of the previously proposed methods depend on the estimation of the contact area under the spherical indenter, which is difficult especially when the surface around the indenter exhibits "piling-up." [13] [14] [15] [16] By extending a recently developed scaling approach 17, 18 to spherical indentation in elastic-plastic solids with work-hardening, we reveal, in this paper, two previously unknown relationships between hardness, reduced modulus, indentation depth, indenter radius, and work of indentation. Together with a well-known relationship 5 between reduced modulus, initial unloading slope, and contact area, we propose an energy-based method of determining the contact area, reduced modulus, and hardness of materials from instrumented spherical indentation experiments. This method also provides a way of calibrating the effective radius of imperfect spherical indenters. The validity of the method is tested by instrumented spherical indentation experiments on copper, aluminum, tungsten, and fused silica. These newly found relationships also provide fresh insights into contact problems that are ubiquitous in many science and engineering areas, including friction, wear, as well as macro-and nanoscale mechanical forming processes.
II. DIMENSIONAL AND FINITE ELEMENT ANALYSIS
We consider a three-dimensional, rigid, spherical indenter of radius, R, indenting into an isotropic elastic-plastic material with work hardening [ Fig. 1(a) ]. The stress-strain (-⑀) curves of the solid under uniaxial tension are given by
where E is the Young's modulus, Y is the initial yield stress, K is the strength coefficient, and n is the strainhardening exponent. To ensure continuity at the initial yield stress, we note
Consequently, E, Y, and n are sufficient to describe the uniaxial stress-strain relationship. The friction coefficient at the contact surface between the indenter and the solid is assumed to be zero.
During loading, the two dependent variables, force (F l ) and contact depth (h c ), must be functions of all six independent governing parameters, E, Poisson's ratio (), Y, n, indenter displacement (h), and R. Applying the ⌸ theorem in dimensional analysis, 19 we obtain
where ⌸ ␣ ‫ס‬ F l /ER 2 and ⌸ ␤ ‫ס‬ h c /R are two dimensionless functions of four dimensionless parameters: Y/E, , n, and h/R.
During unloading, the force on the indenter (F u ) is a function of all seven independent parameters, E, , Y, n, h, R, and indenter displacement at maximum load (h max ) because unloading occurs after the indenter reaches h max . Again, applying the ⌸ theorem in dimensional analysis, 19 we obtain
Equations (2) and (4) can formally be integrated with respect to displacement to obtain expressions for the total work, W t , and reversible work, W u , defined as the areas under the respective loading and unloading curves [ Fig. 1(b The rate-independent, incremental theory of plasticity in ABAQUS was used in the finite element calculations. In particular, the plasticity theory uses the von Mises' yield surface model with associated plastic flow rule. Because of the axisymmetry of the problem, twodimensional mesh and boundary conditions, similar to those in Refs. 17 and 18, were adapted. The smallest element, which lies in the contact region, is 25 nm. The load-displacement curves as well as contact area were obtained directly from the finite element calculations. The residual indentation depth, h f , and the maximum load, F max , were obtained from the load-displacement curves for each given h max . The total work, W t , and reversible work, W u , are obtained by integrating the loading and unloading curves, respectively.
A. Piling-up/sinking-in in spherical indentation
The ratio of h c /h max is used to evaluate the degree of the piling-up and sinking-in. The calculated values of h c /h max for various materials at different indentation depths are shown in Fig. 2 . It is evident that, in general, h c /h max depends on h max /R, n, and Y/E for spherical indentation in elastic-plastic solids with work hardening. For materials with small values of Y/E and n (i.e., typical work-hardened metals), sinking-in occurs at small indentation depth whereas piling-up occurs at large indentation depth [Figs. 2(a) and 2(b)]. For materials with large values of Y/E and n, sinking-in is observed for all indentation depths [ Fig. 2(c) ]. These observations can be understood by the fact that sinking-in always occurs for Hertzian elastic contacts, whereas piling-up occurs for rigid-plastic contacts.
2 Thus, the ratio of "elastic component" to "plastic component" of deformation decreases with increasing h max /R and decreasing values of Y/E and n for spherical indentation in elastic-plastic solids with work hardening.
It is instructive to note that the degree of piling-up and sinking-in is independent of depth for conical and pyramidal indentation in the same class of solids. This depth independence is the consequence of the absence of a length parameter associated with ideally sharp conical and pyramidal indenters. 17 It is also instructive to compare the current numerical results with some early experimental work by Norbury and Samuel, 13 who believed that piling-up and sinking-in depended on the work-hardening exponent, n, only. Their observation was primarily based on indentation in metals (i.e., small values of Y/E with n values from 0.0 to 0.5) where the effect of n is dominant. In general, however, the degree of piling-up and sinking-in depends on Y/E, n, and h max /R which makes the determination of contact area under load difficult using conventional methods. In the following analysis, we show that it is possible to circumvent this difficulty of estimating contact area using an energy-based method derived from a scaling relationship between H/E* and
B. Relationship between h f /h max and (W t − W u )/W t
The representative load-displacement curves, obtained by finite element calculations, of a material with Y/E ‫ס‬ 0.025, ‫ס‬ 0.2, and n ‫ס‬ 0.5 at various depths are shown in Fig. 3 . By analyzing the load-displacement curves, we observed a relationship between (W t − W u )/W t and h f / h max , which is shown in Fig. 4 . This relationship can, from a least squares fit, be written as
Equation (5) shows that the degree of permanent deformation, measured by the ratio of residual depth to maximum indenter displacement, h f /h max , is simply related to the ratio of irreversible work to total work, (W t − W u )/W t . The measurement of one leads to the measurement of the other. In practice, however, the determination of the work can be made more accurately than the measurement of h f , as the former is from the integration of loading-displacement curves, whereas the latter is from the estimation of a single point on the unloading curve. Furthermore, this relationship is "universal" because it does not depend on the details of the mechanical behavior of solids, such as E, Y, and n. Nor does the relationship depend on the indenter radius, R, or indentation depth, h. This new relationship is analogous to a relationship previously established for conical and pyramidal indentation in elastic-plastic solids with work hardening. 18, 21 Together, they demonstrate that a simple linkage exists between the work of indentation and deformation which is independent of the details of material properties and indenter geometry. Fig. 5 . For each fixed h max /R, this relationship can be expressed as
where B is obtained from a least squares fit to the linear relationships in Fig. 5 . Furthermore, the value of B is observed to depend on h max /R only ( Fig 6) ; that is,
By combining Eqs. (6) and (7), we obtain
Thus, the ratio of hardness to reduced modulus, H/E*, can be obtained by determining h max /R and W u /W t . Recently, an approximately linear relationship between H/E* and W u /W t was obtained for conical and pyramidal indentation in elastic-plastic solids with work hardening. 18, 22, 23 The two quantities were found to be proportional to each other with the proportionality factor a function of the indenter angle in conical indentation modeling and experiments. Equation (8) shows that, for the first time, a similar relationship exists for spherical indentation in elastic-plastic solids.
As an application of Eq. (8), we use it together with a well-known relationship between reduced modulus, E*, initial unloading stiffness, S, and contact area, A c , 5 ,24
By combining Eqs. (8) and (9) 
Because F max , h max /R, W u /W t , and S can be measured directly from the load-displacement curves, contact area, reduced modulus, and hardness can in principle be obtained from Eqs. (10)- (12) . The main advantage of this energy-based method is that it applies to both piling-up and sinking-in of the surface profiles around indenters whereas the commonly used methods cannot be used when piling-up occurs. While this method is based on analysis of rigid spherical indentation in elastic-plastic solids with work hardening, it is necessary to test its robustness through experiments under realistic and often imperfect conditions, such as nonsphericity and nonrigidity of spherical indenters.
III. EXPERIMENTS
Spherical indentation experiments were conducted using a Nano Indenter XP (Oak Ridge, TN) from MTS with a rounded conical diamond indenter. The included cone angle was 90°and the nominal tip radius was 10 m. At least five indentations were made at each load to generate average values and standard deviations reported in this work. The load range was between 10 and 400 mN. The indentation experiments were conducted using load control with a constant loading rate. Unloading was initiated immediately after the load reached the prescribed maximum load at the end of each loading cycle without a holding period. All indentations were conducted at room temperature. The mechanical properties of tested materials, pure copper, 6061-T6 aluminum, pure tungsten, and fused silica, are shown in Table I . The composite reduced modulus, E*, is given by
where Fig. 4 , together with finite element results. It is evident that, for all the materials tested, h f /h max is approximately proportional to (W t − W u )/W t , which is consistent with the finite element analysis. The agreement suggests that this relationship is insensitive to the finite elasticity of the diamond indenter and imperfections in the diamond indenter geometry. However, the imperfection in the spherical shape of the diamond indenter can be shown to cause problems for direct applications of Eqs. (10)- (12) . In the following, a method for obtaining an effective radius for imperfect spherical indenters is established to circumvent these problems.
For indenter shape calibration, instrumented spherical indentation experiments were conducted on the copper sample for depth ranging between 150 nm and 1850 nm. The values for S, F max , h max , and W u /W t were obtained The composite reduced modulus is calculated using Eq. (13) for the diamond indenter indenting the various materials.
from load-displacement curves shown in Fig. 7 . Equation (11) was then used to calculate the effective tip radius, R eff , at various depths, assuming a constant composite reduced modulus for copper, E* Cu ‫ס‬ 127.2 GPa. The relationship between R eff and h max is shown in Fig. 8 . Ideally, the radius should be independent of the indentation depth for a perfect spherical indenter. The effective tip radius was found, however, to be a function of indentation depth due to its imperfect geometry. An increase of more than 50% in tip radius over the depth was observed. A power-law fitting was used to interpolate the effective indenter radius. This indenter "shape function" is given by (Fig. 8) R eff = 1915.6h max 0.2755 for 150 nm Ͻ h max Ͻ 1850 nm .
Using the same diamond indenter, spherical indentation experiments were then conducted on 6061-T6 aluminum, tungsten, and fused silica with indentation depth from 180 nm to 1650 nm. The load-displacement curves are shown in Fig. 9(a)-(c) . The composite reduced modulus for aluminum, tungsten, and fused silica, calculated using Eq. (11) together with the shape function Eq. (14), at various depths is plotted in Fig. 10(a) . As expected, the measured composite reduced modulus values are approximately depth independent. The measured composite reduced modulus of aluminum ranges from 74.3 to 78.6 GPa. The composite reduced modulus of tungsten ranges from 296 to 316.8 GPa. Compared with the calculated composite reduced modulus of aluminum and tungsten in Table I , the difference is within 8%, suggesting that the proposed energy-based method together with indenter shape calibration is applicable to materials with a wide range of elastic modulus values. It also suggests that the proposed energy-based method can be used to analyze materials with Poisson's ratio ranging from 0.2 to 0.35, although Eqs. (10)- (12) were derived by using materials with ‫ס‬ 0.2. We have performed additional finite element calculations to test the applicability of Eqs. (10), (11), and (12) to materials with ‫ס‬ 0.3. Specifically, we generated a set of loadingunloading curves for materials with ‫ס‬ 0.3 and used Eq. (11), which was obtained for ‫ס‬ 0.2, to evaluate the Young's modulus. The calculated Young's modulus value using Eq. (11) is within 15% of that used in the finite element input when the indentation depth is shallow with respect to the indenter radius (i.e., h max /R < 0.2). We believe that in the derivation of Eqs. (10)- (12), most of the effect of Poisson's ratio has been taken into account by using the reduced modulus, E* ‫ס‬ E/(1 − 2 ), although it has been shown that there is additional Poisson's ratio effect even in the well-known relationship Eq. (9) between reduced modulus, initial unloading stiffness, and contact area. 28 The measured composite reduced modulus of fused silica is between 58.2 and 60.4 GPa. The difference between the calculated and measured value for fused silica is within 16%. It should be noted that the fused silica data also exhibit the largest deviation in the correlation between h f /h max and (W t − W u )/W t (Fig. 4) . Although the cause of this deviation is not yet known, it suggests that the relationship between h f /h max and (W t − W u )/W t may be used to help screen materials for which the new method is applicable. Specifically, the energy-based method consists of the following steps:
(i) Using Eqs. (11) and (13) to determine the effective indenter radius, R eff , as a function of indentation displacement, h max , by indenting a material with a known, depth-independent Young's modulus and Poisson's ratio. This shape function is an interpolation function over the indentation depth of interest and is not necessary to be the power-law form given by Eq. (14) .
(ii) Checking the applicability of the energy-based (iii) Evaluating the reduced modulus for materials of interest using Eqs. (11) and (13) together with the shape function determined in step (i).
The robustness of this method is seen from the evaluation of the reduced modulus values for several materials using an imperfect spherical indenter with a varying effective radius of about 50%. The method does not depend on assumptions about piling-up and sinking-in of materials around the spherical indenters.
Finally, hardness values for fused silica, W, Al, and Cu are obtained using Eq. (12) together with the indenter shape function Eq. (14) . The results are shown in Fig. 10(b) . While these values are within the range of reported hardness for the Cu, Al, and W, detailed comparison is complicated because of several factors. Specifically, (i) most of the literature data were obtained using Berkovich indenters where a pronounced indentation size effect was reported for these materials. [29] [30] [31] For sharp indentation, a strain-gradient plasticity model has been developed to describe the indentation size effect; that is, the increase of hardness with decreasing indentation depth. 32 (ii) The indentation size effect is different under spherical indenters, where the hardness is not expected to show depth dependence but is expected to depend on the radius of spherical indenters according to analysis based on the theory of strain gradient plasticity. 33 (iii) Hardness increases with indentation depth for spherical indentation in elastic-plastic solids with work hardening. 2 With an imperfect spherical indenter, such as the one used in this work, it is possible that the two effects, work hardening and indentation size effect, cancel each other because of increasing R eff with depth, resulting in a slightly decreasing hardness for Cu, Al, and W with depth [ Fig. 10 (b) ]. While the imperfection in sphericity can be remedied for modulus measurements using a shape function [e.g., Eq. (14)], materials hardness is indenter shape dependent. It is therefore desirable to use as perfect spherical shape as possible for hardness measurements using spherical indenters.
IV. SUMMARY
The degree of piling-up/sinking-in and the relationships between H/E*, (W t − W u )/W t , and h f /h max have been studied using dimensional analysis and finite element calculations. For a fixed h max /R, a linear relationship exists between H/E* and (W t − W u )/W t and the proportionality depends on h max /R only. Using the above relationships, together with the initial unloading stiffness, an energy-based method has been proposed to derive the contact area, reduced modulus, and hardness of materials from instrumented spherical indentation experiments. This new method can also be used to calibrate the effective tip radius of an imperfect spherical indenter. The validity of the new method was studied by instrumented indentation experiments on copper, aluminum, tungsten, and fused silica. Future work includes the refinement of the proposed energy method to cover a wider range of materials behavior.
where ⌸ ‫ס‬ h f /R, is a dimensionless function of Y/E, , n, and h max /R. The reversible work during unloading is then given by
where ⌸ is a dimensionless function such that
The hardness, H, defined as the mean contact pressure under load, is given by
where a is the contact radius. It is clear from Eqs. (2) 
